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Abstract. We provide a detailed analysis of properties of the Schrédinger operator in L*(R)
which formally can be written as

dZ
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e Y wd(-y

X e Y

where &' is the derivative of Dirac’s 6-function and Y = R is discrete. This model allows
for an explicit calculation of spectral properties. Special emphasis is given to the periodic
case Y=Z, v=v, je Z where the spectrum and the density of states are explicitly
computed. Also the spectrum for a half-crystal is given. We study in detail spectral
consequences when various defects and impurities are added to the periodic case.

1. Introduction

Solvable models are important in the sense that they provide exact and detailed
information. Furthermore they can serve as a ‘laboratory’ for testing one’s intuition
and for testing conjectures. In this paper we study a new class of solvable one-
dimensional Schrodinger operators in detail in which the Hamiltonian formally can
be written as

2
H= —%-&-);Y v.8'(~—y) (1.1)
where Y is a discrete subset of R, finite or infinite, and 8’ denotes the derivative of
Dirac’s 6-function. The existence of the model (1.1) was pointed out by Grossmann
et al [1]; however, no detailed analysis has appeared so far.

Before we proceed to a description of the content of this paper, we point out some
properties of the operator (1.1). First of all we observe that the interaction is concen-
trated on the discrete set Y, i.e. the potential is a point interaction. The corresponding
model with &' replaced by 8 has been extensively studied, originating with Kronig and
Penney [2]; see also the literature referred to in [3]. Whereas the §-interaction model
can be rigorously defined using quadratic forms, this approach does not work for (1.1).
This is similar to the multidimensional case: the Hamiltonian corresponding to point
interactions in dimensions two and three cannot be defined as a quadratic form. One
way to define (1.1) rigorously (for simplicity we here take Y ={0}) is to consider the
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5158 F Gesztesy and H Holden

operator (2(H) denotes the domain of an operator H, cf [4])
d2

H=-—
dx?

2(H)={ge H**(R)|g'(0) =0} (1.2)
which has deficiency indices (1, 1) (cf [4]). Then the members of the one-parameter
family of self-adjoint extensions of H serve as realisations of (1.1) with Y ={0}.

In § 2 we give a detailed description of properties of the self-adjoint realisation of
(1.1), denoted by E5 v, Y={y,e RljeJ}, B=(B,);c,, with J= N finite, with special
attention to spectral properties. The eigenvalues, of which there can be at most |J]|
(counting multiplicities), are then determined as zeros of an explicit |J|x |J| deter-
minant.

In § 3 we study in detail the case when Y forms a lattice Y = aZ. In particular we
give explicitly the spectrum of Z,,, when B is constant. Furthermore we compute
the density of states for this model. Finally we provide the spectrum of two half-crystals
‘glued’ together, i.e. 0(Eg,2) with B, =87, j=0, B;=B7, j<0. The method used is
to relate =,z to a certain second-order difference operator on I’(Z), a technique
introduced by Phariseau [5] for the §-model.

For an analysis of various types of ordered alloys, both deterministic and random,
for this model we refer to Gesztesy et al [6] where, e.g., the Saxon-Hutner conjecture
[7] concerning gaps in the spectrum is proved.

In § 4 we study how the introduction of certain impurities in the crystal affects the
spectrum. More precisely it is proved that the essential spectrum remains invariant
and absolutely continuous, while eigenvalues may occur in gaps of the spectrum.
Detailed properties are given when only one impurity or defect is added. For a
comprehensive presentation of models with point interactions we refer to Albeverio
et al [3].

2. Basic properties

We will start by giving some basic properties of the Schrédinger operator with a
potential which is formally a finite sum of &'-functions located at a set Y where

Y={y,,...,yn}<R (2.1)
Consider the closed, symmetric and non-negative operator H, with
P(Hy)={ge H(R)|g'(y;)=0,j=1,..., N}
§ 2 2 (2.2)
Hy = _d /dx
where H>*(R) is the standard Sobolev space. Since formally H, and
& N
Tt )

coincide on Z(Hy), it is reasonable to consider certain self-adjoint extensions of Hy
as rigorous realisations of the Schrédinger operator with interaction given as a sum
of &'-functions located at Y. The adjoint of H, is

H% = 12 D(H%)={ge H*R\Y)|lg'(y)=g'(y; )j=1,..., N}. (2.3)
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It is easily seen that
&;(x) = sgn(x —y,) exp(ik|x — ) j=1,....N (2.4)
(sgn x = x|x|”', x # 0) span the deficiency subspaces of H,, and hence
(2.5)

def(Hy)=(N, N).
Thus there is a N>-parameter family of self-adjoint extensions of H, (cf [4]).
We select the following N-parameter family =4, which by definition will be

considered as a rigorous realisation of (1.1):
2(Zpv)={ge H**(R\Y)|g'(y)=g'(y), g(y) —g(y-) =Big'(3).,j=1,..., N}
oy V)
(2.6)

- d’
':B.Yz_@ B=(Bi,....Bn) Y ={y,.
—0< B s Y;€ER j=1,...,N
Observe that 8,=0, j=1,..., N gives E5 y = —d’/dx’ on H>*(R) and that g8, =
for some je{l1,..., N} gives a Neumann boundary condition at y;.
The basic properties of =,y can be summarised in the following theorem.

Theorem 2.1. (a) The resolvent of =5 y equals (p(H) = C\o(H ) denotes the resolvent

—0< B

ha =

set of an operator H)
N _~ -~
(Epy—k)'=Gi+ ¥ [Far(k)](Gil=1), ) Gul=yy),
B;#0

kZEp(Eva), Im kBO]
j=1,...,N

y,€ER
d2 =1
—k2> Imk>0
(2.8)

where
G = ——
, ( dx~

Gi(x) =sgn(x) G, (x)

Gi(x~—y)= ﬁ exp(ik|x —y|)
(2.9)

and
rﬁ,Y(k) = [—(Bjkz)—lsjj'+ Gk(y/ - _v/’)]‘;__v/'—'l .

(b) The domain of =,y is
N
L [Cov(k)) ék(y,)Gilx—y,),
(2.10)

)= {we LA(R)|y(x)= @(X)*'%

5J'=1

D(Epy
dre H(R), ke p(Z4y), Im k>0}.
(2.11)

The above decomposition is unique, and we have
2
Jo.

(EB.Y—kZ)w=(—@—k3

Furthermore if ¢ =0 in an open set ) < R, then also Es =0in Q.
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(¢) We have that (where o.,/0,./0, denotes the essential/absolutely con-
tinuous/singularly continuous part of the spectrum o)
Oes(Zpy) = 0, Epy) =[0,0), 0. (Epy) =D (2.12)
In addition =,y has at most N negative eigenvalues counting multiplicities and
kie o, (Zpy)n(=x,0) iff  det[Ty(ko)]=0 Im k,>0 (2.13)

and the multiplicity of the eigenvalue k; equals the multiplicity of the eigenvalue zero
of the matrix I'sy(k,). The corresponding eigenfunction is

N
Ura(x) =2 ¢G(x—) (2.14)

=1
where (¢, ..., cy) is an eigenvector of I'; v (k) to the eigenvalue zero. If at most one
B, =, then all the eigenvalues are simple. If 8, = for at least two different
je{l,..., N}, then =4, has in addition infinitely many eigenvalues embedded in

[0, 0) accumulating at infinity.

Proof. (a) Define
T N D 2 — -~
he(x) = (Gi(x=+), 2)+ X [T ()], (Gu(-=y), g)Gilx ) (2.15)
pna'=1
where ge L(R) and Im k>0 is such that det[I'5 v(k)]#0. It is easily seen that
hs e D(Z 4 y) and by explicit calculation

(Zpy—kHhg=—h}—K’hs=g. (2.16)
(b) We have that
D(Egy)=(Zsy—k)) 'L (R) Imk>0 (2.17)
and by using
d* ,
Lz(R)=<—dx3~k2>H2"(R) Imk>0

and (2.7) the result (2.10) follows. To prove the locality property assume ¢ of the
form in (2.10) vanishes in €, thus

bu(x) ==Y [[ayv(K)]; di(y)Gilx~,) xef. (2.18)
J

J=1

Consider first the case when 0~ Y =C. Then

d’ 5
(Epyd)(x)= (-dxfk'>¢k(x)

fl

N d? ~
- Z [FB,Y(k)],;'I¢L()’j’)I:<“’_2— kz) Gk('—yj)jl(X) =0. (2.19)

Ji=1 dx

Let now y, € Q. Since ¢, € H**(R) we see from (2.18) that

N
Y [Cr(Olély)=0  xeQ (2.20)

J'=1
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from which we infer that the sum in (2.19) still equals zero when j is summed from 2
to N.
(¢) Weyl's theorem [8] implies that

d2
= = -—} =10, ). 2.21
o-ess( B, Y) Uess( dx_> [ (X]) ( )

The absence of a singular continuous spectrum follows from [8], theorem X.111.
Turning now to the analysis of the point spectrum we assume

<y <...<yn. (2.22)

If BeR, j=1,..., N, define

a, e +p, e x<y,
U(x)={a,.,e"™+b,., e "™ Vi <X < Yoy 1smsN-1 (2.23)

ana e by, e X> YNy Im k>0 k # 0.
The boundary conditions (2.6) imply
A€ —b e ®u=q, e*u—p e *
Aoy € (1 =1kBy) + by € M (1 +1kBm) = a,, €'* + b, e " (2.24)
a,=a b,=b m=1,..., N—-1

and thus ¢, satisfies (locally)
EB.Y‘/’k = k:d’k- (2.25)

Clearly y, € L*(R)iffa, = bn.,=0. Since a,,, b,, are uniquely defined (up to a common
multiplicative constant) we see that the eigenvalues are simple. If k>0, then ¢,
L*(R) iff a = b =0 which implies ¢, =0. Applying the same argument when k = 0 with

the functions e *'** replaced by 1 and x we infer that
p

0,(Egy) = (=0,0). (2.26)

From the explicit form of the resolvent we obtain (2.13). To infer the form (2.14) of
the eigenfunctions, one has to recall that the residuum of the resolvent of a self-adjoint
operator at an eigenvalue equals the projection onto the corresponding eigenspace.
By applying this first to the self-adjoint matrix ' y(k), Im k>0, and then to (E5, —
k*)™! we conclude that (2.14) is valid. Observe that

D(Hy)s B (Euy) (2.27)

using (2.10) thereby proving that =, , is a self-adjoint extension of H,. Since H, =0
and def(H,)=(N, N) we infer using [4, p 247] that = =5y has at most N negatnve
eigenvalues counting multiplicity. Consider now the case when precisely one B, =

and N =2. The boundary condition in (2.6) at y, reduces to a Neumann condition,
g'(y;,) =0, and hence R is decoupled into (-0, y; ) and (y, , o). By essentially repeating
the above argument for each of the intervals one can prove that =5 , has no non-negative
eigenvalues. If however 8, = for at least two different values of je{1,..., N}, say

Bjn:'BH:m yJu<-T/\ (2 28)
_B y €an be written as a direct sum of the corresponding operators on L (-0, y,),
L(y,,, y,) and L’ (y,,0) respectively. Since the operator on L*® (y,“,},l) has an empty

essential spectrum, the discrete spectrum has eigenvalues accumulating at infinity,
thereby proving the claim. The proof is completed.
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Recall that the corresponding operator with 8-function interactions instead of &’
interactions has the resolvent (see e.g. [9] or [3])

N -~ —_—
(—Aa,v'kz)_l=Gk+ Z [Fa,Y(k)]);’l(Gk(.—yj')")Gk(.—yj)

Ji'=1

a=(a,,...,an) Y={y:,..., ¥~} —0< @< ® (2.29)
v,eR kK’ep(—A,y) Imk=0
where the matrix fa.y(k) is now

Fov(k)==[a;"8,;+ Gy =311 (2.30)
Hence we see that

FB,Y(k)=—i—kZB.Y(k) kB =(k’By,..., kBn). (2.31)

By using this, some of the spectral results in theorem 2.1 could be deduced from the
corresponding results for ~A, y. We have however chosen here to give an independent
treatment.

As an example of the above theorem, we consider the one-centre case, i.e. Y ={0}.

It then follows that Z;, has a simple, negative eigenvalue E = —48? provided
B € (-0, 0) with corresponding eigenfunction ¢z (x) = éZi/B(x). We see from theorem
2.1(a) that eigenvalues and resonances (defined as poles of the resolvent for Im k <0,
i.e. points where det[I's y(k)]=0, Im k<0) can be treated on an equal footing (cf
also [10]). Returning to the one-centre case, we see that =, has a simple resonance
at k=-2ig ' iff Be (0, ).

Theorems 2.1(a) and (b) have natural extensions to the infinite centre case, i.e.
when Y forms a discrete subset of R. However since our main interest in this case is
when Y forms a lattice, i.e.

Y=aZ (2.32)

we will only briefly discuss the general case here. Equation (2.32) will be extensively
discussed in the next section.

Consider
Y={yeR|je Z} Y <P jeZ inf |y, —y|=d>0 (2.33)
i, jleZ
hE
and define
=0, yjml (2.34)
Let
. d? . - . )
Hy=-—5 2(Hy)={ge H**(R)[g'(y,) =0, /€ Z}. (2.35)
Then its adjoint is
. d? )
Ay=-2=  9(H)={ge HAR\Y)g () =gy ). i< 2) (2.36)
and it can be seen that the functions
&;(x)=Gi(x~y) jez Im k>0 (2.37)

span the deficiency subspaces of Hy.
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We define the self-adjoint extension .y, 8 =(8;)cz, B; € R, of H, by

D(Epy)={ge H(R\Y)Ig'(y)=8'(y), gy}~ gy ) =B:g'(y)), j€ Z}
ﬁz(Bj)jEZ _CO<B}-<® }GZ

(2.38)

(Obviously E4 y is symmetric. That it is actually self-adjoint follows from, e.g., [11].)
Then we have the following.

Theorem 2.2. Let B;€ R\{0}, je Z
(a) The resolvent of 2y is

( —k )— _Gk+ Z [FBY k)]jj (Gk yj) )Gk(.“yj)
e (2.39)
Kep(Zgy) Imk>0
where
FB,Y(k) =[_(311(2)*15;}’4'61(()’_;‘}‘f/')]j,j'ez (2.40)
is a closed operator on I*(Y) with
[Cav(kK)] e BE(Y)) Kep(Eay) Im k>0 large enough. (2.41)
(b) We have
D(Epy)= {tl/e L*(R)|y(x)= ¢k(x)+ ZZ [Ty (k)1 di(y) Gulx —3,),
Ij
de H*(R),Im k>0, kzep(Em)}. (2.42)
The above decomposition is unique and
- ) d’
(SB,Y—k')¢=(—dT—k)¢ (2.43)

If yeZ(Ezy) and ¢y=0in an open set Q< R, then Z; , ¢ =0in Q.

Proof. Similar to that of theorem 2.1, see also [3].

3. The case Y =aZ

In this section we will study various properties of the operator =5 ,,. However the
analysis will, in contrast to the previous section, be done by relatmg the self-adjoint
operator 5,z on L*(R) to a second-order difference operator on I>(Z). This technique
was introduced in [5] for operators with & interactions and rediscovered in [12] (cf
also [13]).



5164 F Gesztesy and H Holden

Theorem 3.1. Let B, R, je Z, a>0and k’c R, Imk=0, k#(7/a)j, je Z. Assume
Epazi =k, 3.1)

with ¢, ¢ locally absolutely continuous on R\ aZ, and

vilaj+) = vilaj-) Ui (aj+) - yi(aj-) = BY'(a)) jeZ (3.2)
Then
@, (k)= M,(k)d,(k) (3.3)
where
—Bk sin(ka)+2 cos(ka) -1 waj
S e RO I
(3.4)

Conversely any solution of (3.3) and (3.4) defines via

kx - ai
U(x) = yilaj)k " sin[k(x - aj)]+{-vi(a(j+ 1)) + ¥i(aj) cos(ka)} costkix —4j)]

k sin(ka)
xe(aj,a(j+1)) jeZ (3.5)
a solution of (3.1) and (3.2). Furthermore for p=2 or p=c0
e L (R)&{ui(aj)},.2€ 17(Z) (3.6)
and
¢ e My ()]s ey e
xeRec eV <|yi(aj)|< ¢y eV (3.7)

jezZ

Remark. The analogues of (3.6) and (3.7) for 8 interactions can be found in [13] (cf
also [3]).

Proof. Equations (3.3), (3.4) and (3.5) are verified by explicit calculations. If , € L7 (R)
and thus ¢} e L"(R) we can infer ¢, € L°(R) for 1< p=<oo. Furthermore
Yilaj) = b (x)k sin[k(x — aj)] + ¢i(x) cos[ k(x — aj)] xel(aj,a(j+1)) (3.8)
then proves that {¢(aj)},.2€I7(Z), and
[ (@ +) 7+ k(i@ = [ (x) P+ kT [i(x)]? xe(aj,a(j+1)) (3.9)
then proves that {¢i(aj)} € I'(Z). Assume now that {¢}(aj)};.2€!"(Z) for p=2 or
o, Then ¢, € L(R) from (3.5) and
[ ()P + k7 [0h(0) ) =k [¢i(a) )+ k * sin“*(ka){~yi(a(j+1))
+ ¢ (aj) cos(ka)}? xe(aj,a(j+1)) (3.10)

then proves that ¢, € L*(R).

Equation (3.7) is proved as follows. From the Schrodinger equation we see that

Y, and ¢y, satisfy the same inequalities, and by integration ¢} also satisfies the same
inequalities. The proof is completed.
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The analysis in theorem 3.1 can be extended to the case of an arbitrary discrete subset
Y. However in that case (3.6) and (3.7) are only valid as implications from the left-hand
side to the right-hand side. For a more detailed study we assume

B;=BeR JjeZ (3.11)

Then the operator =, 2, being invariant under translations by aZ, can be decomposed
as a direct integral. We introduce

d’ 2 11
Epaz(8)= T D(Epaz(0))={g(6)e H**((—1a,5a)—{0})}
g(8,—a/2+)=¢'"g(8,a/2-) g'(6,—a/2+)=¢""g'(6,a/2-)
g'(6,0+)=g'(6,0-) g(6,0+)—g(6,0-)=2g'(6,0)}
~wo<Bsw© 6el—m/a, w/a). (3.12)

and define the operator U by
U:¥(R)~ L ([~n/a, 7/a), 2m/a) d6; L*([~}a,}a)))

y (3.13)
(un(e, v) =J§Z e " f(v+aj)
extending it to a unitary operator on L*(R) by continuity.
Theorem 3.2. Let B R, a>0. Then
UZ5,,U"" =3a7—7f . )da E5az(8). (3.14)

Before we prove this theorem we will analyse the spectrum of Z5,,(0) in detail.

Theorem 3.3. Let Bc R, 6c[—m/a, m/a) and a>0. Then
Uess(EB,uZ(g))=@- (315)

The eigenvalues EZ%(8) of Zs.4z(0), ordered according to their magnitude, are given
by

E29(0)=[k%(0)]) Im k%°(6)>0 (3.16)
where k%2(8) solves
cos(fa) = cos(ka) —1 Bk sin(ka). (3.17)
For B € R—{0}, except for B=—a, m=1 and 6 =0, the eigenvalues are simple with
corresponding eigenfunctions
[ exp(ik%°(8)v) +e'" exp(—ik%9(6)a)
y 1—e % exp(~ik5?(8)a)
e exp(—ik%%(8)a) -1
e ' exp(—ik%(0)a) exp(ik%(8)v)
. 1—e " exp(~ikB(0)a)
e'® exp(—ik%%(#)a) -1

exp(—ik%%(8)v) ve(-1a,0)

ghe(6, v) = (3.18)

exp(-ikn?(8)v)  ve(0,}a)

\
meN 6c[-w/a,w/a) and m=2 for B=-a and 6=0.
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If B =—a, then E7{*?(0)=0 is twice degenerate and

~ 1+v ve(-1a,0)
T = = 3.19
g 770, v)=1 g:5%0, v) {1_a+v ve((),%a) ( )
are the corresponding eigenfunctions. Furthermore we have for >0
E2°(0)=0< Ef*(~m/a) < E$“(~m/a) = m*/ a’ < E£*(0) (3.20)
< E89(0)=4n*/a* < E%(-7m/a)< Ef*(-m/a)=97/a’<... '
and for 8 <0
E?(~m/a)< EP“(0)< ES“(0)<E§*(-m/a)=w’/a’<E{*(-m/a)
<ERU0)=47/a*<EF*(0)<E$“(-m/a)=3m"<... (3.21)
<0 —a<B<0 '
Bag__ B.a
EYi(-7/a)<0 E; (0){:0 B<-a
=0 —aspB<0
B,a
E: (0){>0 B<-—a.

All non-constant eigenvalues EB%(9), 6c[~m/a, w/a), me N are strictly decreasing
with respect to 8 R.
For B8 =0, E5,(0) equals the decomposed Laplacian and we have

E%(8)=[x0+2(m-1)m/al’ 6e(—m/a,0) meN
E%(0)=[2(m~1)n/a]’ E%(=m/a)=[2m-1)m/a]’ meN (3.22)
g%a(0, v)=cel*or2m-timialy 8c(-7w/a,0) meN

cos[2(m—1)(mw/a)v] meN

O.a —
gn(0,v)= c{ sin[2(m—1)(m/a)r] m=2

(3.23)
Oo(ma ) C{cos[(Zm—l)(rr/a)v]
ap_ V)=
Em Amm/ 4 sinf(2m — 1)(m/a)v] me N.
For B =c0 we have
wapgy <.a {1 —ta<wv<
El (0)_0 gl,l(69v)_{0 0<V<%a
00, )= 0 -ja<v<0
§r2ib ¥ = 1 O<v<ia ( )
3.24
EZ(6)=(m—1)'n"/a’
w.a 3 B 1 -31a<v<0
gm(8,v)=C cos[(m 1)(7r/a)VJ{(_1)m_le_iga 0<v<la m=2,

Proof. Equation (3.15) follows from the fact that =, ,-(8) has a compact resolvent.
To prove non-degeneracy of the eigenvalues E%,°4(8), 8 € (—7/a, w/a)—{0}, one can
follow the proof of theorem 2.1. We use (3.3) to prove (3.17). More precisely, we
make the ansatz

Yi(aj)=e*009 Im(k)=0 jeZ (3.25)

By inserting this in (3.3), (3.17) follows immediately. A tedious but straightforward
calculation then proves the remaining statements.
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With this theorem, we now turn to the proof of theorem 3.2.

Proof of theorem 3.2. Let
D*(0)=[gmn"(0),meN] (3.26)

be the linear span of all the eigenvectors of =5 ,z(6) as described in theorem 3.3. Then
P*>%(8) is a core for =z ,2(8) and by explicit calculation one verifies that

(UZ5.zU"ga) (8, v)=E5*(0)gn(8, v) = (E4.(6)g(6))(») (3.27)
which proves (3.14).

Using now the basic relation

0(Epaz)= U 0(Eg.z(0)) (3.28)

fc{—nw/a,m/a)

(see e.g. [8]) and theorem 3.3 we can compute the spectrum of Zp,,.

Theorem 3.4. Let B R, a>0. Then Z;5,7 has an absolutely continuous spectrum,
namely

X
0(Epaz) = 0o Epaz) = | [ah, b57]
m=1

(3.29)
0. (Epaz) =0,(Epaz) =D abt<bht<aht meN,
We have for >0
ag,a_{Efi'a(o)=(m—1)2772/a2 m odd
" Ef%(-m/a)=(m—-1)°7"/a’ m even
E®(—/a) dd (3.30)
“(—7/a mo
b’fn’"={ moT b2 < m’r?/ a?
EB(0) m even mo<m T /a meN
and for 8 <0
E&%(-m/a) m odd
Ba_J]Em
m N
‘ { E%4(0) m even me
ER90)=(m—127%/a°
b’B",a_:{ Z.a(o) (m-1) 11'/421 . m odd S
Eu(—m/a)=(m—1)"nw"/a m even
ai*=E{*(-m/a)<0 (3.31)
=0 —asp<0
B.a B.a _AN2_2; 2
a; {>0 B<_a (23 >(m 2)7r/a m=2.
bf"’{>0 —a<pB<0
=0 B<-a.

Asymptotically, as m > co, the length of the mth gap a%4%, - b%" and the width of the
mth band b%° —a%? satisfy

afi;‘il—bf’,;“=2mrrza‘2—<g+ 772)(1_2+ +0(m™?)
lal apm

8 g (3.32)
BB = aB = —— - —— 4 O(m "),

algl apm
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When B € R\{0}, E4,z has infinitely many gaps in its spectrum. When in addition
B # —a, all gaps are open. However when 8 = —a, the first gap closes at zero.
For B =0, we have Z,,,=—d’/dx” on H**(R) and hence
o(Eq.az) =0, ). (3.33)

For B =, £, ,z equals the Neumann Laplacian on R\aZ and hence Z. ,, equals
the direct sum of Neumann Laplacians on (ma, (m+1)a), me Z. Thus

Te Ex‘al)zg Uess(Ex,aZ)‘_'Up(Eat,az)={m2(7T2/az)lm€No}. (334)
Finally we have that
o E' .a )CU(E ‘.a ) 0$B/<B
(_B i oo (3.35)
0(Eg.z)20(E5 4z) =g <pB<—a

The band edges a®® b2%° me N, are continuous in 8¢ R.

Proof. To prove the absence of eigenvalues for 24,2, B € R, we differentiate (3.17)
with respect to 8 when k = k%°(8), i.e.

—asin(6a) ={—a sin[k%%(6)a]—1 B sin[k%%(8)a]
(3.36)
_apk,“(6)
2

Hence (k%“)'(8,) =0 for some 6,€ (—7/a, 0) yields the contradiction sin(8,a) =0, and
we conclude that k%°(6) is strictly monotone in 8¢ (—w/a,0). Thus the set &
(—=m/a,0)|E%“(8) = E,} has zero Lebesgue measure which implies the absenco of
eigenvalues using [8], theorem XI11.85. The absolute continuity of the spectrum follows
from [14].

The rest of the theorem follows from a straightforward computation using (3.17)
and theorem 3.3.

cos[k‘,ﬁ."’(&)a]}(ki‘a)'(f?)-

Remark. The above theorem exhibits two curious facts. First of all the bottom of the
band spectrum of =, starts with the antiperiodic eigenvalue E%“(~m/a) for B <0.
Clearly this is due to the fact that for k =ik, x>0, the right-hand side of (3.17)
converges to — as k = o for 8 <0 (whereas it converges to + as x = o for 8 =0).
In fact the standard non-degeneracy statement for ground states of reduced Schrodinger
operators with periodic boundary conditions (i.e. with # =0) [8] breaks down since
the ground-state wavefunction of =, ,,(0) in fact does change sign. The second
curiosity concerns the fact that iff 8 = —a the first gap in the spectrum of =, closes.
Together with the unusual behaviour of widths and gaps in (3.32), this model serves
as a counterexample to some of the standard folk wisdom in connection with one-
dimensional periodic Schrodinger operators.

In figure 1 we have illustrated the function f;(E)=cos(vE)—-3BVE sin(WE),
Im VE =0 for various values of B. Using (3.17) and (3.28) we see that

Eco(Z,,2) i f(E)e[-1,1]. (3.37)

The energy bands E%'(8) as functions of ¢ are illustrated in figure 2 when 8 € [—, 7)
(reduced band scheme). Finally in figure 3 the spectrum of =, , as functions of 8 is
given.
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I (a) (b)
/ bla
0 % 1
e - g AN Lo
ja i\ b b, © a b. b
S S
@
{c}
a K
— 1 2 = 1
£ g" /X by a —/ bs %‘71 b [5s o\ L5
g _11'/ Vb, ay/ \b, a7/ £ Ty " a4 b, ay] £
I
b

Figure 1. f3(E)=cos(vVE)—}BVE sin(vVE), ImVE =0. (a), B=1.2; (b), B=-0.8; (c),
B=-1;(d), B=—1.4. The dependence on 8, a in a®* b5 and E*(8) is for simplicity
suppressed. We use a=1.

The density of states dp®“/dE of =,z can be explicitly computed as the next
theorem shows.

Theorem 3.5. Let Be R, a>0. Then the density of states of 25, at a point E = k’¢
0(Z5,.z) equals

dp®* sgn(B) Isin(ka)| ( B )
dE ~ 27K] sin(e(k)a) \ | T2q L1 T kacotlkall (3.38)
where
]
(=)™ 'a™! cos“‘(cos(ka)—%ksin(ka))
+{ mma”! m odd =0
(m—-1)ma™" m even A=
(k) =¢ o .
(—1)"a™" cos™'[cos(ka —3 Bk sin(ka)] (3.39)
+{(m‘1)77'a_' m odd <o
L (m—2)mwa™" m even A

k*e(af® b&7) Re k=0 Imk=0 me N.
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£ (c)

/
'

Figure 2. E&'(9), me N, as a function of 6e[—m/a, w/a). (a), B=12; (b), B=-0.8;
(¢), B=-1; (d), B=-12. The dependence on B, a in a%° b5? and E%%(8) is for
simplicity suppressed. We use a =1.

Furthermore

dp?*
dE

near band edges E5% < {a%° b5}, ..

=0(E-EZ|™") (3.40)

Proof. Equation (3.38) follows from

dp® 1 dé(k)
dE 2k dk (3.41)

Our final topic in this section concerns half-crystals, i.e. the analysis of 2 ,n. In fact
one can study the more general operator =3-+ ,z where

. _[B j<0 .
BT =(B)jez Bj—{B+ >0 B*eR (3.42)
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£

Figure 3. o0(Z;,;) as a function of B e R. The dependence on B, a in a5, b%“ and
E®B:(8) is for simplicity suppressed. We use a=1.

We then have the following theorem.

Theorem 3.6. Let a>0 and B* < R. Then

O(Epaz) = OacEgraz) =0(Ep uz) W (Z5- o2)
P Pl TR p oot (3.43)
asc(:’ﬁﬂ*.al):@ a'p(:‘-ﬁ_*,al):g'
In particular
U(EB,aN) = [al’aa b’ls‘a] - [05 CD) (344)

The spectral multiplicity of Z;-+,2 equals two on the interior of the intersection
0(Eg-.z)N0o(Zs-,z) and one on the interior of the rest, ie. on
O(Eg+ 2)\o(Ep-az) N0 (Eg+ .2)}

Proof. The difference equation (3.3) is now

Yila(G-1)+¢i(a(j+1)+wibi(aj) = eyilaj) JEZ (3.45)
where
yilaj)e C e =¢e(k)=2cos(ka) jeZ (3.46)
and
I j=0 N oy
;= pi(k) {#j_ i<0 uj =p,; (k)=pB"ksin(ka) (3.47)
Let
. N_(eiﬂ_aj__efie_ale) ]<0
;i ={ N jezZ (3.48)
N, e'%%T j=0
and
B M+(eAi6+aj_ei8+aer) 120
! ={ o jeZ (3.49)
M_e 79T Jj<0
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By inserting '* into the difference equation (3.45) it reduces to
cos(f,a)=%e—u™) Imé6,=0 (3.50)

for j<—2 and j=1 respectively. By using the equations for j=—1 and j=0 for ¢,
one finds that there exists a unique non-trivial solution for 7', R and T, R" respectively
provided

6_+6,.#0. (3.51)
Define the bounded, self-adjoint difference operators on I*(Z) by
(hot); =1+ &, (h¢); = (hod), + p;; pel’(Z). (3.52)
Then

o(hy) = o.(ho) =[-2,2] op(hy) =2 (3.53)

which implies
—2+min(p ,pu")shs2+max(u ,u’). (3.54)

Thus (3.50) determines the values ¢ € o(h) with 6. € R. Without loss of generality we
may assume

0.€[0, 7/a]. (3.55)
Then

ee[-2+min(u ", u%),2+max(u", u")]=0c(h) (3.56)
which implies, using theorems 3.1 and 3.4, that

K ea(Esaz)Ua(Zs° az) Imk=0. (3.57)

The multiplicity statement follows by noting that ¢'* are linearly independent on the
interior of the intersection o(E;- ,z) N o(Z45-,z). Absence of a singular continuous
spectrum follows by the standard technique (cf e.g. [15]) and to show absence of
eigenvalues one has to prove the same property for A which is easily seen to be true.

4. Impurities and defects in crystals

Consider the situation where we have given

Y={yjeR|j€J} V<Y, inf \yj—yjr|=d>0 jeZ (4.1)
j};jj
and B=(8,);cs, By, € R\{0}, bounded. Let
Z={z,...,zm)<R MeN (4.2)

be the location of the impurities relative to Y and let the strength of the &' interaction
in Z be given by ¥y =(v;);-1,m, ., € R\{0}. Let =gy, > denote the total Hamiltonian
with 8’ interactions with strength 8 located at Y and with additional 8’ interactions
with strength y located at Z. We then distinguish three cases.

(i) Assume

YnZ=0. (4.3)
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Then =, ., > represents the Hamiltonian with interstitial impurities located at Z relative
to Egy.
(ii) Assume

Zcy y. = —B. if zeZz (4.4)

Then =, y, - represents the Hamiltonian with defect impurities or vacancies located
at Z relative to Eg .
(iii) Assume

ZcY v, # =B, vey. (4.5)

Then =,,, 2 represents the Hamiltonian with substitution impurities located at Z
relative to Zg .
We then have the following theorem.

Theorem 4.1. Let B,, y.€ R\{0}, ye Y, ze Z Y,ZcR, satisfy (4.1), (4.2) and one
of (4.3), (4.4) and (4.5). Then

(Bpvyz— k)™
M
= Gk,E.Y+”2: [FB,Y,y,z(k)]ﬁ'l(Gk,a,y(zl', ), ')Gk.B.Y( z)
=1

ke p(Epvyz) Imk>0 (4.6)
where Gy gy =(Z5y— k)", Im k=0, with integral kernel G, 4 y(x,x') and

L viye(k) =[=(y:k) "8y = Grpvlz, 20010 -,

ke p(Zsy) Im k>0. (4.7)
Furthermore

Uess(EB.Y.y.Z) = aess(EB,Y)‘ (4.8)
Finaily if (a, b)) p(Ezy), —0<sa<b=w, then (24, 7) " (a, b) contains at most

M eigenvalues counting multiplicities.

Proof. Equation (4.8) and the statement following that follows from (4.6) as in theorem
2.1. Equation (4.6) can be inferred by using Krein's formula (see e.g. [16]) and noting
thatboth =5y and 4 v , 7 are self-adjoint extensions of the closed, symmetric operator

) 42 . _ .
Ha‘y,ﬂ,z:—dx, D(Hovpz)={8€D(E5,)|g'(z)=0,j=1,..., M} (4.9)

with deficiency indices (M, M).

We now turn to the detailed analysis of the pure crystal with one impurity. The
following lemma was shown in [17] for the model with § interactions, see also [3].

Lemma 4.2. Let k’ be in the mth gap of o(Z;,z), i.e.

ke (bB4, a1, Imk=0 bP = —co meN, (4.10)
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and suppose that K =e'® where § = mm/a+i8, >0, me N, is a solution of (3.17)
such that

%(K+K"‘)=cos(ka)—%ksin(ka). (4.11)
Assume that ¢, is a solution of
—Pi(x) =k (x) k’e P(Eg.z) Imk=0 x€(0,a) (4.12)
satisfying
Yila—)=Ky¢p(0+) rla—)= K[ (0+) - By (0)]. (4.13)
(a) Define
Y Ga+)
ky=—-——. 4.14
e (414

Then r(k) is a continuous, strictly decreasing function of k” in each gap in 0(Zp.z),
and r(k) is decreasing from 0 to —c0 in every even gap. If 8> 0, r(k) is also decreasing
from +o0 to 0 in every odd gap. If 8 <0, r(k) is decreasing from co to 0 in every odd
gap except the first (i.e. m=1). If —a<B <0and m=1, r(k) is decreasing from 0 to
-0, and if B <—a, and m =1, r(k) is decreasing from o to 0.

(b) Define

% (0+)
Y (0+)

Then (k) is a continuous, strictly decreasing function of k° in each gap of o(E4,z).
If B>0, F(k) is decreasing from 0 to —c© in every gap except the zeroth gap where
(k) is decreasing from —B/2 to —oo. If —a <pB <0, F(k) is decreasing from o to 0
in every gap except the zeroth gap where F(k) is decreasing from —8/2 to 0 and the
first gap where 7(k) is decreasing from 0 to —co. If B <—a, F(k) is decreasing from
o to 0 in all gaps except the zeroth gap where r(k) is decreasing from —8/2 to 0.

Fk)= -3B. (4.15)

Remark. By definition the first gap in o(=,,) always carries m =1 irrespective of
whether it is open (i.e. B # —a) or closed (i.e. B =—a).

Proof. By explicit computation one verifies that

% Eq §(k)_1 1/2
k°m(z>(akww> k=0

r(k)= (4.16)
Cen(S)(E@)
K co 2 J\é(ik)+1 TIK K=
and
sgn(¢(k)) 2 2
) k sin(ka) )~ k>0
F(k)= (&) (4.17)
sgn(&(ik o .
"k sinh(ka) U k=ix k>0
with

£(k)=cos(ka)—3 Bk sin(ka) £(ix) = cosh(ak)+1 Bk sinh(ax). (4.18)
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Before we proceed to the detailed separate results for one substitutional, defect and
interstitial impurity, we derive the basic eigenvalue equation common for these three
types of impurities. We want to solve

—gi(x) =Kk (x) Imk=0 xe R\(aZ u{z})
vija+)=v¢i(ja—) e (ja+) - (ja—)=pyi(ja) jeZ (4.19)
U (z+)=du(z-) bilz+) =iz =) =y +Bd.z(2)]d(z)

with §,z(z)=1if ze aZ and 0 otherwise.
If xe R\{z}, ¢n(x) also solves (Eg,z¢)(x)= k2 (x) which implies that ¢ is a
linear combination of the functions

Uipaz(X)=Uip.2(0)3 B gif(kiox o —ifk)ox’

e'?%19% cos(kx') — cos[k(x'~ a)]
cos(8(k)a)—cos(ka)

x'=x—alx/a[ xeR Imk=0 Im6(k)=0
Re 8(k})=0 o==x1 (4.20)

where ]y[ denotes the largest integer smaller than or equal to y and 6 = 6(k) satisfies
(3.17). ¥{paz, o==1, satisfy

Epaz¥ipaz =K Vipaz (4.21)
A short calculation then gives
2isin(@(k)a) sin(ka) + ky{sin’(kz') +sin’[k(z' —a)]

—2sin(kz') sin[k(z'—a)] cos(B(k)a)} =0 (4.22)

where z’=z—a]z/a[, Im k=0, Im 6(k) =0, as the equation for the possible impurity
state.

Theorem 4.3. (One substitutional impurity.) Let z€ aZ, a>0, and B3, y€ R\{0}, y # 8.
Then

Uess(EB.al.y,z)=Ua('(EB,aZ,ﬁ,z) = U(EB,aZ) Usc(Eﬁ‘aZ‘B,:) = @- (4«23)

Furthermore we have below o(=Z3,2) (i.e. in the zeroth gap).
(i) E gz has exactly one simple eigenvalue in the zeroth gap of o(Z,,2) iff
y<-B.
For the other gaps we have the following cases.
(ii) If >0, y>0, Eg.z,.. has no eigenvalues.
(iii) If B>0, y<0, Ep .z, has one simple eigenvalue in every gap.
(iv) If —a<B <0, y>0, Eg,z,. has one simple eigenvalue in all gaps except the
first gap (m=1).
(v) If —a< B <0, y<0, Eg 4z, has one simple eigenvalue in the first gap (m =1).
(vi) If B<—a, y>0, E4,.z,. has one simple eigenvalue in all gaps.
(vii) If B<~a, y<0, Zp.z,. has no eigenvalues.
The eigenvalue satisfies the relation

cot(ka)=—1—<(ﬁ—_4y&—l)

Bk k’e R\o(E5.2)- (4.24)
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Proof. Absence of embedded eigenvalues follows from the fact that a possible eigenvec-
tor would be a linear combination of ¥} 5,2z, o = £1, which however are not decaying
when k’€ o0(Z;,7). Equation (4.23) follows from (4.6), (4.8) and [8]. Equation (4.22)
which in this case reduces to (4.24) is equivalent to

Flk)=3y (4.25)

in lemma 4.2(b) from which the theorem follows.

Theorem 4.4. (One-defect impurity.) Let z€ aZ, a>0, and B8 € R\{0}. Then

Uess(EB,al.-B.Z) = aac(EB,aZ,vB.z) = U(Eﬁ,az) Usc(EB,aZ,-B\:) = @ (426)

Furthermore

(i) if B>0, Eg .z -p. has one simple eigenvalue in all gaps except the zeroth;

(ii) if —a <B <0, Zg,2-p.- has one simple eigenvalue in all gaps except the zeroth
and the first;

(iii) if B <—a, Eg,z_p.. has one simple eigenvalue in all gaps except the zeroth.
The eigenvalue satisfies the relation

cot(ka) = —— ke R\o(Z4.,2). (4.27)

Proof. The theorem follows by letting y = —8 in theorem 4.3.

Theorem 4.5. (One interstitial impurity.) Let z=3a, a>0, and B, y &€ R\{0}. Then
Uess(EB,aZ,y.:) = Uac(Eﬁ,aZ‘y,:) = U(EB,aZ) USC(EB,(IZ“)/,:) = @ (428)

We now have the following cases.

(i) If 8>0, y>0, Ez,z,. has one simple eigenvalue in every odd gap.

(ii} If >0, y<0, Eg,2,. has one simple eigenvalue in every even gap.

(ili) If —a<B <0, y>0, Eg,z,. has one simple eigenvalue in every odd gap
starting with the third gap.

(iv) If —a<pB <0, y<0, E4,z,- has one simple eigenvalue in every even gap
(including the zeroth) and in addition one simple eigenvalue in the first gap.

(v) If B<—a, y>0, Zp,2,. has one simple eigenvalue in every odd gap.

(Vi) If B < —a, y<0,25,z... has one simple eigenvalue in every even gap (including
the zeroth).

The eigenvalue satisfies the relation

<y_k)2 _ Bk[tan(; ka)]'+2
2/)  Bktan(tka)-2

ke R\o(Z 4.2). (4.29)

Proof. The proofis similar to that of theorem 4.3 except that we now apply lemma4.2(a).

Although we explicitly omitted the possibility that 8 = —a in theorems 4.3-4.5 (implying
that the first gap associated with m =1 closes) this situation is easily obtained by
continuity of o(Z4,2.,..) With respect to 8 and simply disregarding the statements in
theorems 4.3-4.5 concerning the case m=1.
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The anologues of theorems 4.3-4.5 for models with & interactions were derived in
(7,17]. With the results in theorems 4.3-4.5 one can proceed to the computation of
the scattering matrix for the pair (E5,7,.-, Zpq.z). Furthermore one can study
impurities in half-crystals. For a discussion of these two subjects we refer to [3].
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